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Abstract - -S imulat ions are made of prototype, ground state, rapid kinetic reactions for A "b BC, in 
which A, B, and C axe hydrogen atoms and BC is a hydrogen molecule. We study cases in which 
B and C first unbind, and then A, B, and C undergo complex, three-body, oscillatory behavior in 
accordance with the Morse potential. It is shown that, in every c~se, one of A, B, or C is ejected and 
the remaining two atoms form an H2 bond with precisely correct ground state encxgy, frequency, and 
bond length. Pico second trajectories are described and discussed. The numerical method employed 
conserves the system's total energy at each time step. 
1. INTRODUCTION 
The intimate relationship between wave length and energy levels enables one to use the steady 
state Schro6dinger wave equation to deduce many molecular vibrational constants without actu- 
ally simulating the vibrational motions themselves [1]. However, simulation of vibrational motions 
by means of the nonsteady Schro6dinger quation presents eemingly insurmountable difficulties 
at the present ime [2,3]. Our objective here is to consider the rapid kinetic reaction A + BC for 
the prototype problem in which A, B, and C are all H atoms and no excitation is present. The 
numerical methodology to betused is quasi-quantum echanical in that energies are determined 
from quantum mechanics, while trajectories are determined by an energy conserving, Newtonian 
simulation [4]. 
2. MATHEMATICAL AND PHYSICAL PRELIMINARIES 
We consider any H atom as a point source entity. The ground state of H is (-2.17856) 10 -11 
erg and its mass is (1.6733) 10 -~4 gr. The ground state energy of an H2 molecule is (-5.11) 10 -11 
erg, its average diameter is 0.74/~, and its frequency of oscillation is (1.3) 1014Hz [5]. 
For clarity of presentation, let us proceed first in one space dimension. The extensions to 
two and three space dimensions will be given later. Hence, let P1, P2, P3 be three H atoms in 
motion on an X axis. (We use/>1,/>2, P3 in place of A, B, C in order to take advantage of the 
subscripting capability of modern digital computers.) Let the positive distance between P~ and 
P/, i ~ j, be rij, measured in angstroms. Of course, rij = rji. 
We will consider in the present paper only the relatively popular Morse potential ~b(rij) for the 
pair Pi, Pj, that is [5]: 
¢(rl/) = (7.60429) 10 -12 (-8.4646357e -1"9459se2"o + 17.912514e-a's919! 2at'j) erg. (2.1) 
From (2.1), the force Fii, in dynes, on Pi due to P/ has magnitude Fi/, given by 
Fii = (125.25642) 10 -4 ( - -e -l '9459562r'j + 4.2323178e-3"s9191~sr'J). (2.2) 
Computations performed at the University of Texas Center for High Performance Computing on the CRAY X- 
MP/24. 
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At time t, measured in seconds, let />I, />2, P3 be, respectively, at zl, z2, zs, measured in 
angstroms. Since z~ ]k = z~ 10 -s  cm = Xi cm, the classical equations of motion for P~, 1>2, Ps, 
that is, 
(1.6733) 10-24J~i -- Fij (zi - zj) + F~,t (z~ - zt), i = I, 2, 3, (2.3) 
r,j r~t 
in wh ich j=2andk=3when i= l , j= landk=3when i=2,  and j= landk=2when 
i = 3, are equivalent to 
a, = (1.6733) -1 1032 [(z,--. z_j) ~j -{- (z,--.z__k) F~t l ,  
rij rik J 
i = 1, 2, 3. (2.4)  
Under the transformation T = 10 - Is  t, system (2.4) yields, finally, the dynamical system 
d2zl 
dT 2 
d2 x2 
dT  2 
d 2 Z3 
dT 2 
= (74.855952) (-e- 1.9459562 rltz .~. 4.2323178 e -3"8919123 rtz 
_e--1-9459562rls .Iu 4.2323178e-3.S919123rxs), 
= (74.855952) (+e- x.9450562 r,~ _ 4.2323178 e -3'8919123 rxz 
_e-1.9459562rzs _~. 4.2323178e-3"SSlS123r2s), 
= (74.855952)(-Joe -1'9459562rIs - -4.2323178 e -3"8919123rx3 
+e- 1.9459562 r2s _ 4.2323178 e -3'5919x23 r23). 
(2.5) 
(2.6) 
(2.7) 
For two-dimensional motion, (2.4) need only be expanded to include three additional equa- 
tions for the Yl, y2, and y3 coordinates, while for three-dimensional motion an additional three 
equations would be required for the zl, z2, z3 coordinates. 
3. CONSERVATIVE  NUMERICAL  METHODOLOGY 
Let us show now how to solve system (2.5)-(2.7) numerically from prescribed initial data, but 
in such a fashion that the total energy of the system is conserved at each time step. A completely 
analogous discussion is valid for the two- and three-dimensional cases. 
For AT  > 0, let Tn = nAT. At time T,, let Pi be at zi,, and have velocity v,,n. At Tn, let the 
distances [PIP2[, [PIPs[, [P2Pa[ be r12,,, rls,,, r23,,, respectively, so that r12,, = [z1,n - 
rla,n = [xl,, - zs,,[, r2s,, = [z2,, - zs,n[. Relative to system (2.5)-(2.7), we now define the 
Morse related potential Q(rij) by 
I e_ 1.9459562 ro. 4.2323178 e-3.5919123 r,# 1 
Q(r~j) = 74.855952 - 1.9459562 + 3.8919123 ' (3.1) 
In terms of Q, the equations (2.5)-(2.7) can be rewritten 
d2 i_ dQ(rl2) _ .3) (3.2) 
dT 2 drl~ r12 drl3 rl3 ' 
d2z2 dQ(r12) (z~ - z l )  dQ(r23) (z2 - zs) (3.3) 
dT 2 - drl2 r12 dr23 r23 ' 
d2z____33 dQ(r13) (z3 - Zl) dQ(r23) (zs - z2) (3.3) 
dT 2 = dr13 r13 dr23 r~3 ' 
The difference equation approximations of (3.2)-(3.4) which we will use are, for i = i, 2, 3, 
(zi,.+1 - z~,~) 1 
aT  = + (3.5) 
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1)i,n+l -- t)i,n -~ --  Q( r l j ,n+l )  - O(ro,.  ) . (z~,.+x + zi,.) - (zi , .+l + zy,.) 
AT tO,n+1 --  r i j ,n  rO,n+ l -[" r i j ,n  
_ O( r lk ,n+l )  - O( r lk ,n ) .  (x,i,n+l + x i ,n )  - (xk,.+,l "~ Xk,n) (3.6) 
r ik ,n+ l - -  r ik ,n r i k ,n+l  ~c r ik ,n 
with j = 2 and k = 3 when i = 1, j = 1, and k = 3 when i = 2, and j = 1, and k = 2 when i=  3. 
System (3.5)-(3.6) constitutes six implicit recursion equations for the unknowns xi,n+x, v~,n+x, 
i = 1, 2, 3, in terms of the six known xi,n, vl,n, i = 1, 2, 3, sad these equations can be solved 
readily by the generalized Newton's method [4]. 
Let us show finally that, in fact, (3.5)-(3.6) are energy invariant recursion formulas. For this 
purpose, define WN at TN, N = 1, 2, 3, 4, . . . ,  by 
2V-1I i----3 ('Oi,ra~l.~:l)i,n~ ~ 
(3.7) 
Then, elimination of the z terms in (3.7) by means of (3.5) yields 
1 
WN=~ 
I 
2 
so that, in terms of system 
N-1 
,U 2 __ I) 2 tj  2 tJ 2 I)32,n) ( 1 , .+1 + - + s , .+ l  - 
n----0 
( LN + d,N + 4,, - d,0 40 - 40) 
kinetic energy K, 
WN = KN -- KO. (3.8) 
Next, elimination of the v terms in (3.7) by means of (3.6), and using the notation Q(rij) = Qo 
yields 
N-1  
WN = E (-Q12,n+l - QlS,.+I - O2a,n+l + Q12,,~ + Q13,n + Q~a,,~), 
n~-0 
so that, in terms of system potential energy Q, 
Wjv = -Q# + Qo. (3.9) 
Elimination of Wjv between (3.8) and (3.9) then yields the classical law of conservation of energy. 
4. COMPUTER EXAMPLES 
In all the examples to be discussed, motion is determined in the zy-plane. Throughout, />1 
and />2 are set initially on the z-axis with Zl = -z~ = 0.37, Yl - Y~ -- 0.0, Vl,= = -v2,= = 
-0.2338298, vt,v = v2,y = 0.0, which is consistent with the assumption that P1 and P2 form 
a ground state H2 molecule. Various initial data for Ps will be studied and the consequences 
analyzed. 
Throughout, the numerical time step is AT  --- 10 -5. The Newtonian iteration tolerances are 
10 - l°  for position and 10 -s for velocity. All calculations were performed in double precision. 
However, most results are reported to only 6 decimal places, while vibrational constants are 
reported only to the same accuracy reported by experiment. 
Consider first Ps initially at za - 0.1, y3 = 20.0, with vs,= "- 0.0, vs,y = -0.1. Ps is positioned 
so far from P1 and P2 that the potential energies for P1Ps and P2Ps are negligible to 16 decimal 
places. The total energy of the resulting three-body system is -(7.286118)10 -11 erg,  both 
initially and at each time step. P1, P2, and P3 come into close proximity after t -- 0.0162 ps. 
Extensive, unbonded, nonlinear, local, three-body interaction results through t -- 0.0496 ps. 
Typical, simultaneous atomic trajectories during this period are shown in Figure 1, where the 
time between successive particle positions is 0.00001 ps. Figure 2 shows the motion of/>1,/:'2, 
and Ps relative to the mass center in the time period t = 0.0533 ps-0.0535 ps, during which time 
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P2 
-x.o ~ i .o  
' '~P3 
-i .5 
x(R) 
Figure 1. Typical ocal interaction trajectories. 
PI 
-1.2 ~ J l.a 
-1.2~ t 
Figure 2. Ejection of/ '2 and bonding of PI and/% during the pm'Jod 0.0583 1~- 
0.0535 ps. Motion is re/~tive to the ma~ center. 
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/>2 is ejected from the system. The particles are Simultaneously atthe positions marked J and K in 
the figure. At these times, the relatively large kinetic energy of P1 is transferred to/>2 and results 
in the ejection of P2 from the system. Simultaneously, P1 and Ps bond. By the time t = 0.06 ps, 
the particle locations are zl = 4.870412, Yx = -15.408138, za = -8.939519, Y2 = -8.902167, 
za = 4.169107, Y3 = -15.689693, with respective speeds Vl = 0.169495, v2 = 0.100506, va = 
0.271556. For the bonded subsystem P1Ps, the energy is -(5.11)10 -u  erg, the average bond 
length is 0.74 ~, and the frequency of oscillation is (1.3)1014Hz, in complete agreement with the 
experimental results. 
For the other cases considered, extensive descriptions, entirely analogous to the one given 
above, can be presented. However, let us only summarize the major results in tabular form. 
This is done in Table 1, where it is seen that all resulting vibrational constants are in excellent 
agreement with experiment. Note that the two final entries in the table are examples of one 
dimensional simulations. 
Table I. 
Initial data for P3 
X3 ~/3 ~3,.z ~3,y 
0.I 20 0 -0.04 
0.I 20 0 --0.68 
0.1 20 0 -0.10 
0.I 20 0 -0.30 
0.I 20 0 --0.50 
-20 0 0.1 0 
--20 0 0.5 0 
Three- 
body 
system E 
(10-'=~) 
Particle 
Bonded 
subsystem 
~e~ed 
Vibrational constants of the 
--7.286820 P3 PIP2 
-7.286142 P3 />I/>2 
-7.2S6118 P2 PIP3 
-7.279424 I>1 P2P3 
-7.2~a3s Pz PI ~ 
--7.286118 />3 PIP2 
-7.266038 1:'1 P2 P3 
resulting bonded system 
E (10-11erg) d ( ]k )  f(1014Hz) 
-5.11 0.74 1.3 
--5.11 0.75 1.3 
-5.11 0.74 1.3 
--5.10 0.74 1.3 
--5.10 0.75 1.3 
-5.11 0.75 1.3 
--5.11 0.74 1.3 
From Table 1, we conclude that any one' of the reactions 
PI+P2P3 
p~+pip 2 S p2+pip 3
~ ~ 2 ~  p3+p,p 2 
can and does occur. 
The times required for the ejection of the third particle varied extensively. A most surprising 
element of the calculations was that a particle was always ejected. It may be that the minimum 
escape velocity of the ejected particle is exactly what is required for the remaining two particles 
to form an H2 bond, but the nonlinearity of the interactions does not seem to allow for a related 
mathematical analysis. 
For the interested reader, the computer program used is available [6]. Note, finally, that the 
numerical methodology employed here is distinctly different from that used by Polanyi [3] and 
others. 
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